Abstract. The natural frequencies and mode shapes of a vibrating structure are unique to the particular structure and are independent of the type or duration of the dynamic loading. They remain unchanged as long as the physical conditions of the structure are unchanged. Damage, however, causes 
INTRODUCTION
The free vibration characteristics of a structure, namely natural frequencies and mode shapes of vibrations, can be used as sensitive indicators of its structural integrity. Localized damage and deterioration in the structure alter its dynamic characteristics [1] [2] [3] [4] . The shift in the natural frequencies caused by damage and changes in the structural properties is the most commonly used damage detection indicator. However, it cannot provide spatial information about structural changes. Alternatively, changes in the mode shapes, since they are spatially distributed quantities, can be used, at least in principle, for identifying the damage location. However, experimental studies showed that changes in mode shapes due to damage are not statistically significant from the undamaged case [5] . Farrar et al [6] suggested the use of mode shape curvatures as a spatially distributed sensitive indicator to localized damage. This is supported by the fact that higher derivatives of the mode shapes are much more sensitive to small changes in the structure. However, for accurate determination of higher derivatives, mathematical expressions for vibration modes which are sufficiently differentiable must be available. This offers valuable insight into the relationship between damage and mode shapes and their higher derivatives.
Accurate determination of the free vibration characteristics of continuous system is the heart of most dynamic analysis methods used in practice. The powerful modal-analysis method for forced vibrations of continuous system is based on the expansion of the dynamic response in terms of the mode shapes. The derivation of a closed form mathematical expression for the vibration modes of one dimensional continuous system with localized damage is considered in this paper. Galerkin's approach is used where the mode shapes are expressed in terms of a set of simple functions which are easy to manipulate [7] . The accuracy of the method is verified by comparing the results with those of other well-established numerical methods. The possibility of using the derived mode functions and their higher derivatives in identifying the existence of damage and its location is investigated in the paper.
The applicability of using of vibration modes higher derivatives for locating damage in non-uniform system where mathematical expression for the modes are not available is presented in this paper. The free vibration problem of non-uniform steel beam with open web is studied using finite element method. Numerical values for the vibration modes are obtained. The calculated modes are numerically differentiated to obtain first, second, third, and fourth derivatives of the modes of vibration. Different damage types presented by failure of weld lines are introduced at different location for different lengths of damage. The proposed method was able to accurately identify the damage location and extent. Figure 1 and the corresponding boundary conditions, respectively, read:
where u(x,t) represents the displacement of the beam at any point x and at any time t.
In the formulation of Equations (1) and (2), EI(x) and m(x) are the expressions of the bending stiffness and mass distribution along the length of the beam. They are constants for uniform beam with constant elastic properties. For beams with variable cross-section and elastic properties or for uniform beam with localized damage, the length of the beam may be divided into small parts where the cross section and elastic properties in each portion of the beam are assumed constant. The accuracy of the solution depends on the ratio of the average to actual inertia and mass in each portion. The accuracy of the solution can be improved by increasing the divisions of the beam. So, for beam divided into n  parts, each with uniform bending stiffness  i EI, and n  parts, each of uniform mass  j m, the stiffness and mass distribution reads
Where EI and m are reference values for the stiffness and mass distribution, and  i and  j are factors representing the reduction in stiffness and mass due to damage respectively.
For small vibration and no damping, the following product solution may be assumed for the separation of space distribution and time function:
Using product solution (5) in (1) and (2) yields the following eigenvalue problem:
The solution of the eigenvalue problem (6) and (7) yields the natural frequencies  k and the corresponding mode shapes of vibrations U k (x), k=1,2,…. Now let the eigenvectors or the vibration modes U k (x), k=1,2,…, of the given system be expanded in the following series:
The functions j (x), j=1,2,…. In (8) must satisfy all the boundary conditions. Using the product solution (6) in the principle of virtual work as (9) yields the following equation of Galerkin [8] since a kj are arbitrary: 
which satisfies all boundary conditions of the simply supported beam. Substituting Eq. (14) in (12) and carrying out the integration yields a mathematical expression for rj , in which the natural frequencies  k are expressed in terms of non-dimensional frequency parameter
The accuracy of the calculated natural frequencies and the obtained mathematical expression for the vibrational modes of the continuous elastic beam is illustrated in a previous publication by the author [9] . In this paper, the method is applied to a locally damaged beam where damage is presented by a variation or reduction in the bending stiffness EI over the damaged length of the beam. Now, let the beam of Figure 1 be of uniform mass m and uniform bending stiffness EI with a local damage at x=0.6l and extend over a length 0.1l to x=0.7l. The damage is presented by a reduced bending stiffness EI, <1, over the damaged length.
The frequency parameters  i , i=1,2,.., for the various modes, are calculated for different level of damage  and compared with the results of finite element model (FEM) as shown in Table 1 . The results of the present analysis are in good agreement with the finite element method. However, Galerkin's method used herein is has the advantage of providing mathematical expressions for the modes of vibrations Eq. (10). This allows for obtaining closed form mathematical expressions for the vibration modes U k (x) and its higher derivatives 
The vibration modes and their derivatives given by Egs (16)-(20) can be plotted for further examination. Figure 2 shows the first mode and its higher derivatives for the case of small damage localized over a length 10% of the beam length from 0.6l to 0.7l. The damage is represented by reduction 20% of the bending stiffness EI (i.e. =0.80) over the damaged length. As anticipated, the variation in the mode shape is insignificant, and thus cannot identify the location of damage. The curvature of the first mode shows slight deviation from the undamaged case in the vicinity of damage. The curves show also smaller deviation elsewhere. Similar effect is observed in the first derivative of the curvature of the mode shapes. However, the fourth derivative of the mode indicates clearly the location of damage. 
NUMERICAL MODELING OF NON-UNIFORM BEAM WITH LOCAL DAMAGE
In The damage introduced to the beam is represented by failure along the weld line between the different plates. Failure of weld line connecting the cover plates to the flanges is introduced. The extend of weld failure is introduced to the right end of the cover plate over a length equal 500 mm, 1000 mm, and 1500 mm. The damage could be on the top cover plate, the bottom cover plate, or both top and bottom cover plates. Other type of damage is introduced along the weld line in the center of the web at different locations. Damage introduces changes in the dynamic characteristics of the structure represented by its natural frequencies and mode shape. As shown in Table 2 , changes in the natural frequencies depend on the level and extent of damage. Such alteration in the natural frequencies can be insignificant for small damage. For damage case 1, 0.50 m weld damage only in the top cover plate, the changes in the natural frequencies are 0.3% and 0.9% in the first and second mode, respectively. For higher levels of damage, changes in the natural frequencies become more pronounced. However, those changes do not help in identifying the location of damage. Damage location can be identified by examining changes in the modes of vibration and their higher derivatives. The numerically calculated mode shapes represented by the deformation along the center of the top flange are numerically differentiated to get the first, the second, the third and fourth derivative as shown in Figures 6-9 , respectively, for the first mode. For the considered non-uniform beam, the bending stiffness EI of a section through the web opening is much less than that of a complete section between the openings. Furthermore, sudden and large change in the bending stiffness exists at the beginning of the top and bottom cover plates. As explained earlier such changes in the bending stiffness distribution results in corresponding changes in the higher derivatives of the vibration modes, particularly the fourth derivative. This effect is obvious in Figures 8 and 9 . Figures 6-9 shows the first mode and its higher derivative for the undamaged case and the damaged case 1 for small damage only in the top cover plate at its right hand side end. The deviation in the higher derivatives due to such small damage is clearly observed which accurately identify the location of damage. 
SUMMARY AND CONCLUSIONS
The free vibration analysis of beams with local damage is presented in this paper. Local damage over a small portion of the beam is modeled as a local reduction in its bending stiffness EI(x). Simple mathematical expressions for the modes of vibration of damaged beams are obtained using Galerkin's approach. The accuracy of the solution was illustrated by correlating the results to those of the finite element method.
The derived expression for the vibration modes are used to study the effect of localized damage on the free vibration characteristics. Local damage causes small changes in the derived vibration modes which are insignificant, particularly for small damage, to locate the damage. It is found that the curvatures of the derived modes of vibration are more sensitive measures that indicate the damage location when compared with those for the undamaged beam. This is particularly true for high level of damage. The fourth derivative of the vibration mode is very sensitive for changes in the physical condition of the beam due to damage.
Therefore, the fourth derivative of the mode shapes of vibration is the sensitive indicator to use for locating damages. This fact is explained by examining the differential equation of free vibrations. The equation consists of two general terms; the elastic force containing the fourth derivative of deflection (mode) multiplied by EI(x), and the inertia force containing the mass, frequency and deflection (mode). These two terms must satisfy equilibrium everywhere. Since changes in the modes due to local damage are insignificant, local changes in the stiffness EI(x) must be associated with local changes in the fourth derivative of the mode to maintain equilibrium. This effect clearly locates the position of damage.
The method is examined in a non-uniform open-web steel beam where the modes are calculated numerically using finite element method. The modes are numerically differentiated and plotted for damaged and damaged beams. The correlating the higher derivatives of the vibration modes for the damaged and undamaged cases accurately identifies the location of damage even for small level of damage over limited extent of the beam.
